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Abstract. We present an explicit description of the 'fine group gradings' (i.e. group gradings 
J^^. ■ which cannot be further refined) of the real forms of the semisimple Lie algebras s£(4, C), sp(4, C), 

' and o(4, C). All together 12 real Lie algebras are considered, and the total of 44 of their fine 

f***^ ' group gradings are listed. 

^v^J i The inclusions si (4, C) 3 sp(4, C) D o(4, C) are an important tool in our presentation. Sys- 

tematic use is made of the faithful representations of the three Lie algebras by 4 X 4 matrices. 
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CNj ■ 1. Introduction 

^vq \ Wide diversity of applications of low dimensional semisimple Lie algebras, real or complex, is 

^ ■ witnessed by the innumerable papers found in the literature, where such Lie algebras play a role. 

In the article we consider the real forms of the three semisimple Lie algebras which are faithfully 
represented by 4 x 4 matrices. More precisely, we have the Lie algebras and the inclusions among 

00 ' them: 

sZ(4,C) D «p(4,C) D o(4, C). 

Here sZ(4, C) is the Lie algebra of all traceless matrices C 4x4 . Then sp(4, C) is the Lie algebra of 
all (symplectic) transformations which preserve a skew-symmetric bilinear form in the 4-space C 4 . 
Finally, o(4, C) is the Lie algebra of all (orthogonal) transformations which preserve a symmetric 
bilinear form in C 4 . The second inclusion is somewhat misleading and therefore deserves a com- 
' ment. Due to the fact that o(4, C) ~ sl(2, C) x sl(2, C) is not simple, one has a choice considering 

o(4, C) as linear transformations in C 4 . One can introduce symmetric or skew-symmetric bilinear 
form in C 4 invariant under the matrices of o(4, C). In the symmetric case, o(4, C) contains all 
such transformations, while all symplectic transformations are in sf>(4, C) and only some of them 
in o(4, C). 

The list of the real forms considered in this paper is the following: 



X 



s/(4,C) 
sp(4,C) 
o(4, C) 



sZ(4,M), su*(4), su(4,0), su(3,l), sit(2,2) (1) 
sp{i,R), usp(i,0), usp(2,2) (2) 
so* (4), SO (4,0), 80(3,1), so{2,2) (3) 



The subject of our paper are the gradings of these real forms. For a general motivation for 
studying the gradings, we can point out [10l HU Q2J [13l (2Q1 EI] . Applications of the real forms are 
too numerous to be mentioned here. For example, let us just mention that among the orthogonal 
realizations of B2 there are the Lie algebras of the de Sitter groups, that some real forms of the 
symplectic realization have been intensively applied in the recent years in nuclear physics, and also 
in quantum optics [TH1 HH ffl [5] ■ 

A grading carries basic structural information about its Lie algebra. That is particularly true 
about the fine grading. One type of a grading is obtained by decomposing the Lie algebra into 
eigensubspaces of mutually commuting automorphisms. This grading has an interesting property: 
Its grading subspaces can be indexed by elements of an Abelian group. Such gradings are called 
group gradings. The most famous example of a grading of this type, obtained by means of au- 
tomorphisms from the MAD-group which is the maximal torus of the corresponding Lie group, 
is called the root decomposition. It underlies most of the representation theory. As was recently 
shown in [5J, not all gradings can be associated with groups of automorphisms. In this article we 
only concentrate on group gradings. 
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The coarsest non-trivial grading is by the group Z2 of order 2. There is a one-to-one correspon- 
dence between real forms of a Lie algebra, say L, and non-equivalent Z2 groups inside of the group 
of automorphisms of L. 

Motivation of a physicist to study fine gradings may come from rather different sources. Let us 
mention just two: (i) For physical system which display a symmetry of L, it is interesting to know 
all MAD-groups, because their eigenvalues are the additive quantum numbers characterizing the 
state of such system, (ii) A meaningful relation between physical systems that display different 
symmetry Lie algebras, can be established if the Lie algebras are related by a process of singular 
deformations ('contractions'). Grading preserving contractions is a powerful method for describing 
the wealth of possible deformations. 

A classification of MAD-groups of classical Lie algebras over C is found in [7]; similarly one 
finds in [5] the classification of MAD-groups of their real forms. Practically, however, concise 
presentation in [7J [5] leaves a laborious task to a reader interested in specific realization of the 
gradings of particular Lie algebras. References [14l[T5l[T6] are the departure points of the present 
work. Gradings of the exceptional Lie algebra 172 are listed in [3], gradings of f± can be found in 
0. 



2. Preliminaries 

For a Lie algebra (L, [ ]) we define a grading T as a decomposition of the vector space L 
into a direct sum of subspaces {0} ^ Lk C L, k £ JC fulfilling the property [Lk,Li] C L m for 
some m (E JC. It means, in other words, that for each k,l € K there exists m € JC such that 

[L k , L t ] = {[x k ,x t } I x k e L k , x l e U} c L m . 

We denote such decomposition by T : L = (BkeicLk- 

We call a grading T of L a refinement of a grading T : L — ®keK.Lk ifT:L = ®keKs^i k Lki 
and Lk = ®i£i k Lki for each k e JC. 

By means of refinements, we can gradually split the gradings of L until it is impossible to make 
any further non-trivial refinement. Such a grading whose each refinement is equal to itself is called 
a fine grading. Overall, the set of all gradings of the Lie algebra L forms a structure of a 'tree', 
with L itself on the top and the fine gradings of L on the bottom. 

Having a set of diagonalizablc automorphisms that mutually commute, it is possible to split the 
Lie algebra into subspaces that are mutual eigensubspaces of all the automorphisms from this set, 
thus obtaining a grading. Obviously, the bigger set of automorphisms we use, the finer grading we 
receive by this decomposition. Therefore, for studying the gradings of Lie algebras, an important 
role is played by so-called MAD-groups. The term MAD-group of a Lie algebra L is a short for 
maximal Abelian subgroup of diagonalizable automorphisms (contained in the group Aut L of all 
automorphisms on the Lie algebra L). 

Indices of a grading obtained in this way can be embedded into a group, thus enabling us to 
introduce the term of a group grading. We say that the grading V : L = (&keK.Lk is a group 
grading if the index set JC can be chosen as a subset of a group in such a way that {0} ^ [Lj, Lk] 
implies [Lj, Lk] C Lj+k- Note that for two different grading subspaces Lj and Lk the corresponding 
group elements j, k must be different. If a refinement of a group gradings is also a group grading, 
then we call it group refinement. There is a relationship between the group labelling the group 
refinement and the group labelling the original group grading (see [1]). More precisely, the index 
set of a group grading can be embedded into a universal Abelian group, say G, such that the index 
set of any coarsening is embedable into an image of G by a group epimorphism. 

There is now a big confusion in literature between the terms grading and group grading, caused 
by an incorrect statement from |17j , which says that the index set of each grading of a Lie algebra is 
embedable into a semigroup. As already mentioned, there exist counterexamples to this statement, 
some of them provided firstly by [6] . On the basis of that incorrect statement, the following theorem 
was proved in [T7j : 

For a simple Lie algebra L over an algebraically closed field, a grading T of L is fine if and 
only if there exists a MAD-group Q C AutL such that T is a decomposition of L into simultaneous 
eigensubspaces of all automorphisms from Q . 

It has not been shown yet whether this theorem is true, or not. 
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We have been often referring to this theorem in our previous works f |14l[T5irT^] ). and concluding 
that for the Lie algebras studied in there we have found all the fine gradings. In fact, we may use 
only the following weaker statement about relation between MAD-groups and fine gradings. 

Theorem 1. A group grading T of a complex Lie algebra L is fine, if and only if there exists 
a MAD-group Q C Aut L such that T is obtained as a decomposition of L into simultaneous 
eigensubspaces of all automorphisms from Q . 

It means that, in the articles ( [TU [T21 [H] ) cited above, we have described all fine group gradings, 
but we cannot claim that they are at the same time all the fine gradings. On the example of the 
non-simple algebra o(4, C) we have found a fine grading which is not a group grading (see the case 
of grading by the MAD-group G5 in Table [TTj) . If we would try to find the indices of the subspaces 
in the fine grading in order to obtain a group grading, then two of the grading subspaces would 
have to be labelled by the same index, thus giving rise to a coarser group grading. Note that this 
happens for any (non-simple) Lie algebra L in the form L = L\ <B> L2, where the grading arises as 
a composition of the two root gradings of the individual algebras L\ and £2- These findings lead 
us to the following assumption: 

Conjecture 2. On a simple complex Lie algebra, the terms fine grading and fine group grading 
coincide. 

To summarize, we have a one-to-one correspondence between the fine group gradings and the 
MAD-groups for complex Lie algebras. And since the MAD-groups were fully classified for all the 
'standard' complex Lie algebras (meaning the classes A n , B n , C n , D n , with the exception of -D4), 
we can obtain all the fine group gradings for these algebras. However, we cannot conclude that 
these fine group gradings are at the same time all the fine gradings of the particular algebras, 
although we expect that it is the case for simple algebras. 

For a grading L : L = (BkeicLk of L and an automorphism g £ AutL, the decomposition 
F : L — (SkeKigLk) is also a grading of L; and we call such gradings L and T equivalent. Further 
on, when speaking about two 'different' gradings, we mean non-equivalent gradings. Consequently, 
if r is a group grading, then the equivalent grading L is again a group grading with the same index 
set K, lying in the same group. 

For real Lie algebras, however, we do not possess any simple tool like MAD-groups. Our aim 
in this work is to describe fine group gradings of all the real forms of the Lie algebras sZ(4, C), 
sp(4, C), and o(4, C), and relationships between them. For classical simple complex Lie algebras, 
these relationships are very straightforward, given the fact that sp(4, C) and o(4, C) are subalgebras 
of sZ(4, C). It was proved in [7] that a fine group grading of sp(n, C) or o(n, C), n ^ 8, is always 
formed as a selection of several grading subspaces from a fine group grading of sl(n, C). We will 
use this method also for finding fine group gradings of real forms of the Lie algebras in question. 

Firstly, let us recall previous results (|14 [ ll5| , ll6j) containing fine group gradings of the complex 
Lie algebras sZ(4, C), sp(4,C), and o(4,C) themselves, because they are the starting point for 
exploration of fine group gradings of their real forms. Then we shall move on to the core of this 
work - namely the fine group gradings of the real forms of the three Lie algebras in question. Note 
that gradings of sp(4, C) are also studied in [2]. 

3. Fine Group Gradings of the Complex Lie Algebras s/(4,C), sp(4, C), and o(4, C) 

3.1. Fine Group Gradings of the Complex Lie Algebra sZ(4, C). Let us start with the 
algebra si(4,C) = {X £ C 4x4 | tr(X) = V ; , X ,, = 0}. On sZ(4,C), there exist two types of 
automorphisms: 

• inner automorphism: AdA for A £ GZ(4, C), where AdA(X) = A~ 1 XA\ 

• outer automorphism: Out c for C £ Gl(4,C), where Out c (X) = -(C _1 XC) T . 

The full set of automorphisms on sZ(4, C) is then 

Aut s/(4, C) = {Ad A I det A ^ 0} U {Out c \ det C ^ 0}. 

In our list of MAD-groups, we always characterize each MAD-group by the set GacL of matrices 
A for the inner automorphisms, and by the set Gout of matrices C for the outer automorphisms if 
the MAD-group contains outer automorphisms at all. 
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In fact, we provide just one element G of Gout, because any other outer automorphism Outg 
from the MAD-group is a composition of the one Outc and of some inner automorphism Ad a with 

A E G Ad- 

There are eight MAD-groups on si (A, C) listed in Table[TJ two of them with inner automorphisms 
only, and six of them containing also outer automorphisms. The symbol used in the Table stands 
for the tensor product of matrices^ 





GAd 


Gout 


Qx 


{A = diag (dx, d 2 , d 3 , 1), dj E C, dj ^ 0} 





G2 


{A = P>Q\ j,fc = 0,l,2,3, 
/o 1 o\ 

p = 800? ,Q = diag(l, 1,-1,-0} 
V 1 / 





& 


{A = diag (ei, e 2 , £3, 1), £» = ±1} 


G = / 4 


Qi 


{A = diag (1, e, a, a -1 ), s = ±1, aeC,a^0} 


/ 1 \ 
ri_ 0100 
~ 1 0001 1 

V 1 / 


G 5 


{A = diag (a, a -1 ,/?, /3 _1 ), a, /3 e C, a, /3 ^ 0} 


/ 1 \ 
r> — 1 10001 
— 1 0001 1 

V 1 / 


G 6 


{A = ctj <g> diag (a, a -1 ), aeC,a^fl,j = 0, 1,2,3} 


/ 1 \ 
r — \ 10001 
— 1 0001 1 

V 1 / 


G 7 


{A = <g> cr fe , j,fe = 0,1,2,3} 


C = h 


G s 


{A e (G <g> J 2 ) U (i?G <g> £73) U (G ® cri) U (RG <8> cr 2 ), 
Go = {(oi),(o-°i)},#=(o?)} 


/ 1 \ 
fi — I 1 1 
u — I 0001 1 

Vo 1 0/ 



Table 1. The eight non-conjugate MAD-groups on si (4, C). The symbols 
stand for the 2x2 real Pauli matrices . 



Non-conjugate MAD-groups generate non-equivalent fine group gradings of the Lie algebra. For 
sZ(4, C), the Theorem [T] implies that the eight fine group gradings generated by the MAD-groups 
Qi, ... ,Qs form the full set of non-equivalent fine group gradings on sZ(4, C). 

In the following tables, we provide an explicit summary of all these eight fine group gradings, 
together with the universal Abelian groups for their index sets. We will use the notation of 

• Lk C sl(4, C): grading subspace Lk of a grading T of sl(A, C) described as a complex span 
of the relevant basis vectors Xi, namely Lk = C ■ X^ + . . . + C • X; fc = span (X^ , . . . , Xi k ); 

• Ejk G C 4x4 : matrices containing just one non-zero element and fifteen zeros, namely 
(Ejk)irn = SjiSkm, where Shi is the Kronecker symbol. 





X\ = E23 


L 2 


X2 = E12 


L 3 


A3 = -E13 


u 


A4 = E34 


L 5 


X5 = E 2 a 




Xq = E41 




A7 = En 




X$ = E42 


L 9 


Xg = E43 


Lio 


Xio = E31 


Ln 


An = E21 


L12 


X12 = £32 


Lx3 


X13 — En — E22 X14 — E22 — E33 X\5 — -E33 — E44 



Table 2. Fine group grading T x : s/(4,C) = ®jLiLk generated by MAD-group 
Gi, known as the 'root grading'. There are twelve one-dimensional subspaces 
Lk = C • Afe, k = 1, . .., 12, and one three-dimensional grading subspace L13 = 
C • X13 + C • A14 + C • A15. The universal Abelian group of this fine group grading 
is Z 3 . 



1 If A £ C nxn and B g C mxm , then the tensor product A®B £ C™ mXnm is defined by (A®B) U = A ili2 Bj lj2 , 
where i\ , 12 £ {0, 1, . . . , n — 1}, ji, 32 £ {0, 1, . . . , m — 1}, /, J £ {0, 1, . . . , van — 1} and I = i\m + jr'i, J = iam + J2. 
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Li :X 1 =P u Q d 


L 2 


X 2 = P"Q 2 


£ 3 :A 3 = P u Q i 


L4 '. — P^Q^ 


£ 5 :X 5 = P'Q* 


L& '■ Xq = P l Q 2 


L 7 


X 7 = P'Q 1 


£ 8 :X 8 = P 2 Q" 


Lg '. Xq = P"Q^ 


L\o '■ X w = P 2 Q 2 


L\\ : Xn — P 2 Q 1 


L\2 


X 12 = P a Q° 


Lis '■ X13 = P 6 Q d 


L u : X u = P' A Q 2 


£15 : -X15 = P^Q 1 



Table 3. Fine group grading T 2 : sZ(4,C) = ®l 5 =1 L k generated by MAD-group 
G 2 , known as the 'Pauli grading'. All the grading subspaces are one-dimensional: 
Lfe = C • Xk, k = 1, . . . , 15; the basis matrices X k are expressed by means of the 
4x4 Pauli matrices P, Q defined in Table [TJ The universal Abelian group of this 
fine group grading is Z 2 . 



Li 


X\ = En + En 


L 2 : X 2 = En — En 


£3 


A3 = £24 + Ei 2 




Xi = E 2 i — Ei 2 


£5 ■ X5 = £34 + £43 


L 6 


X& = £34 — £43 


L 7 


X7 = E13 + £31 


£s : Ag = E13 — £31 


£9 


Xg = E 2 3 + E32 


Lio 


Xiq = £23 — £32 


Lu : An = Ei 2 + E 2 i 


Li 2 


A12 = £4.2 — E 2 i 


L13 


A13 — En — E 22 Xu — E 22 — £33 X\r, — £33 — En 



Table 4. Fine group grading T 3 : s/(4,C) = ®l=iL k generated by MAD-group 
Q3. There are twelve one-dimensional subspaces L k = C ■ X k , k = 1, . . . , 12, and 
one three-dimensional grading subspace £13 = C ■ A13 + C • A i4 + C • A15. The 
universal Abelian group of this fine group grading is %\. 



Li 


Xi = E13 — En 


£2 


A2 = £13 + £41 


£3 


A3 = £14 — £31 


Li 


Xi = En + E31 


£5 


A5 = £24 — £32 


£ 6 


X& = E 2 i + £32 


L 7 


A7 = E 2 3 — Ei 2 


£ 8 


As = £23 + £42 


£9 


Ag = £12 — £21 


Lio 


A10 = £l2 + £-21 


£11 


An = £34 


£12 


A12 = £43 


L13 


A13 = £33 — £44 


£14 


A14 — £n — £22 A15 — £n + £22 — £33 — £44 



Table 5. Fine group grading T 4 : s/(4,C) = ©J,ii£fe generated by MAD-group 
Qi. Thirteen grading subspaces are one-dimensional: L k = C • k = 1, . . . , 13, 
one is two-dimensional: £14 = C • A14 + C • A15. The universal Abelian group of 
this fine group grading is Z x Z|. 



£1 


Ai = £23 — £41 


£ 6 


Xq — £13 + £42 


£11 : An = £34 


£2 


A2 = £23 + £41 


£7 


A7 = £14 — £32 


£12 : A12 = £43 


£3 


A3 = £24 — £31 


£ 8 


Ag = En + £32 


£13 : A13 = £n + £22 — £33 ~ £44 


£4 


A4 = £24 + £31 


£9 


Ag = £12 


£14 : A14 = £n — £22 + £33 — £44 
A15 = -En — £22 — £33 + £44 


£5 


A5 = £13 — £42 


£10 


A10 = £21 



Table 6. Fine group grading T 5 : sZ(4,C) = ©^1-kfc generated by MAD-group 
Q5. There are thirteen one-dimensional grading subspaces: L k = C • X k , k — 
1, . . . , 13, and one two-dimensional grading subspace: £14 = C- Xu + C- A15. The 
universal Abelian group of this fine group grading is Z 2 x Z2 . 



3.2. Fine Group Gradings of the Complex Lie Algebras sp(4,C) and o(4, C). Let us now 

proceed with the Lie algebras sp(4, C) and o(4, C). Both these algebras are subalgebras of si(4, C), 
and they have various representations determined by non-singular matrices K £ C 4x4 , with K = 
-K T for sp K {A, C), and K = K T for o K (4, C): 

spif (4, C) = {A e C 4x4 I AA = - AA T }, det A ^ 0, K = -K T , 

o K (A, C) = {A S C 4x4 I AA = - AA T }, det A ^ 0, K = K T . 
We have two options how to find the fine group gradings of these two Lie algebras: 
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Li 


X\ = En — E22 + £33 — E44 


L 6 


Xq = E13 + E 2 4 + E31 + E42 


£11 


Xn = E14 + £32 


£ 2 


X2 = En — E22 — £33 + E44 


£7 


Xj = E13 — E 2 4 — E31 + E42 


£12 


X12 = E23 — £41 


L 3 


X3 = En + £-22 — £-33 — E44 


L s 


Xg = E21 + E43 


£13 


A13 = E23 + £41 


u 


X4 = E13 — E24 + E31 — E42 


£9 


Xg = £21 — £43 


£14 


X14 = E12 + £34 


L 5 


X5 = E13 + E24 — E31 — E42 


Lio 


A10 = E14 — £32 


£15 


Xis — E12 — £34 



Table 7. Fine group grading T 6 : sZ(4,C) = ®^L x Lk generated by MAD-group 
Qq. All of the grading subspaces are one-dimensional: L\- = C • Xk, k = 1, . . . , 15. 
The universal Abelian group of this fine group grading is Z x Zj. 



L\ : X\ = £14 + £23 + £32 + £41 


L9 '■ Xq = E12 + £21 + £34 + £-43 


£2 : A2 = £14 — £23 — E32 + £41 


£10 : -^10 — Ei 2 — £21 — £34 + £43 


L3 ■ X3 = £14 — £23 + £32 — £41 


£11 : Xn = £12 — £21 + £34 — £43 


£4 : A4 = £14 + £23 — £32 — £41 


£12 : Xi 2 = £12 + £21 — £34 — £43 


£5 : A5 = £13 + £24 + £31 + £42 


£13 : -X13 = En — E22 — £33 + E44 


Lq:Xq — £13 — £ 2 4 — £31 + -E42 


£14 : X14 — En — E22 + £33 — -£'44 


£7 : X-; — £13 — £24 + £31 — E42 


£15 : X15 — En + £22 — £33 — £-44 


Lb ■ X s — £ 13 + £ 2 4 — £31 — £42 





Table 8. Fine group grading T 7 : sZ(4,C) = ®l 5 = iLk generated by MAD-group 
Qj. All of the grading subspaces are one-dimensional: £& = C • Xk, k = 1, ... ,15. 
The universal Abelian group of this fine group grading is Z|. 



£1 


Xi = £13 + £24 + £32 + £41 


£ 6 


Xq — E14 — £23 — £31 + £42 


£11 : An = £33 — £44 


£2 


A2 = £13 — £24 — £-32 + £^41 


£7 


X7 = E14 — £23 + £31 — £42 


£12 : A12 = £12 — £21 


£3 


A3 = £13 — £24 + £32 ~ £41 


£ 8 


Xs = £14 + £23 — E31 — E42 


£13 : A13 = £34 — £43 


£4 


X4 = £13 + £ 2 4 — £32 — E41 


L 9 


Xq — En + E 2 2 — £33 — E44 


£14 : A14 = £12 + £21 
A15 = £34 + £43 


L 5 


X5 = E14 + £23 + £31 + £42 


Lio 


Xio = En — E22 



Table 9. Fine group grading T 8 : s/(4,C) = ®lti L k generated by MAD-group 
Q%. There are thirteen one-dimensional grading subspaces: £fc = C • Xk, k = 
1, . . . , 13, and one two-dimensional grading subspace: £14 = C-Xl4 + C- A15. The 
universal Abelian group of this fine group grading is Z4 x Z| . 



• 'MAD-group' method: Being Lie algebras themselves, spif(4, C) and ok (4, C) have MAD- 
groups in their automorphism groups. We can use these MAD-groups for splitting the 
algebras into simultaneous eigensubspaces, thus obtaining fine group gradings. 

• 'Displayed' method: As each fine group grading of spif(4, C) and Ok (4, C) can be extended 
to a fine group grading of s/(4, C), we have the possibility to find the fine group gradings 
of spx(4, C) and o#-(4, C) by means of the 'Displayed' method. We take the fine group 
gradings of s/(4, C) and select some of the grading subspaces, so that they make up the 
respective subalgebra, already being in the form of a grading. 

The success of the 'Displayed' method is ensured by the following statement (proved in [7]): 

Theorem 3. Let T be a fine group grading of sl(n,<C) generated by MAD-group Q. This grading 
r displays the subalgebra OK(n,C) for n / 8, or spK(n,C), for matrices verifying K = K T , or 
K = —K T respectively, if and only if Q contains the automorphism OuIk- 

Practically, the usage of Theorem [3] reduces into choosing those grading subspaces from the 
grading T which are eigensubspaces of this automorphism Outx corresponding to eigenvalue +1. 
Indeed, this property is equivalent to being an element of spk(u,C), ok{ti, C) respectively: 

X = Out K X = —(K~ 1 XK) T XK = -KX T . 

The two methods ('MAD-group' and 'Displayed') lead in principle to the same result. The 
advantage of the 'Displayed' method is that the grading subspaces of sp_ff(4,C) coincide with 



FINE GROUP GRADINGS OF THE REAL FORMS OF s£(4, C), sp(4,C), AND o(4, C) 



7 



chosen grading subspaces of sZ(4, C), the same goes for 0^(4, C). This comfort is paid a price for, 
though, because the fine gradings are then expressed in various representations of o^(4, C). (For 
spk (4, C) , we luckily happen to obtain all the fine group gradings in the same representation even 
by the 'Displayed' method.) 

We obtain all the three fine group gradings of spx (4, C) and all the six fine group gradings 
of Oif(4, C). All these fine group gradings found in this way on sp^(4, C) and o^(4,C) (up to 
one exception) are at the same time fine gradings, as is implied by the dimensions of the grading 
subspaces. The exceptional case is the fine group grading of o#(4, C) displayed by the fine group 
grading r$ of sZ(4, C) generated by the MAD-group Q§ (see Table fTT|) . It is not a fine (non-group) 
grading of 0^(4, C), because it can be further refined, but this refinement is not a group grading 
any more. 

In Tables [Tul and [TT1 we list the fine group gradings of sp«-(4, C) and o#-(4,C) in the form as 
provided by the 'Displayed' method, because this notation will be useful later on for description of 
fine group gradings of their real forms. We only need to keep in mind that the fine group gradings 
of sZ(4, C) display the fine group gradings of <3r-(4, C) in several different representations - i.e. 
defined by different matrices K = K T . 



MAD-group 
on sZ(4,C) 


defining matrix 
K = -K T 


grading subspaces of si (4, C) making up the 
respective fine group grading of spx (4, C) 


Gs 


/ -1 \ 
K — T — [1000 \ 
A o - J - 1 o -1 1 

\0 1 / 


Li4 © L 2 © in © L 3 © L 10 © L 9 © L 5 © L12 © L$ 


G 6 


L 1 ®L 2 ®L 8 ®L 9 ® L n ®L 4 ®L 5 ® L 13 © L u © L 15 


G 7 


L 13 © L14 © Li © L 3 © L s © L 7 © L12 © L n © L w © L 9 



Table 10. Fine group gradings of spx(4,C) as displayed by fine group gradings 
of sZ(4, C). In all the three cases, the algebra spif(4, C) happens to be displayed 
in the same representation. 



MAD-group 
on sZ(4, C) 



defining matrix 
K = K T 



grading subspaces of sZ(4, C) making up 
the respective fine group grading of o^(4, C) 



Kx=I = 



10 
10 
10 
1 



L 2 © L 4 © L 6 © i 8 © Lio © ii2 



A" 2 - 



10 
10 
1 
10 



L 



13 



i 9 © L7 © L 3 



— * fine group grading displayed by the fine group grading T§ of sZ(4, C), 
but not a fine grading: L14 © L\ © L 3 © L 5 © L 7 



we split L14 into Lj 



14 



T 2 



we get a fine (non-group) grading: 



'0100' 
10 
1 

.0010, 



Lh © L? 4 © Li © L 3 © L 5 © L 7 



K 3 = 



10 0" 
10 
1 
,0 10, 



Li © L 2 © £10 © £4 © L 5 © L12 



£7 



#1 =1 



1000 
0100 
0010 
0001 



L 3 © £ 4 © L 8 © L 6 © Ln © Li 



a- 2 = 



1000 
0100 
0001 
0010 



Ln ®L A ®L 3 ® L X i © L S ®L 6 



Table 1 1 . Fine group gradings of ok (4, C) as displayed by the fine group gradings 
of sl(A, C), but in various representations given by different symmetric matrices 
K. With the exception of G5, we directly get fine gradings of 0^(4, C); for Q 5 , we 
need to split the two-dimensional grading subspace into two, and only then the 
grading becomes fine. 
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4. Fine Group Gradings of the Real Forms of s/(4,C), sp(4,C), and o(4, C) 

A real Lie subalgebra L of a complex Lie algebra L is called a real form of L if each element 
x £ £ is uniquely representable in the form x = u + iv, where u,v £ L. Not every complex Lie 
algebra has real forms. On the other hand, a given complex Lie algebra may, in general, have 
several non-isomorphic real forms. 

Two real forms L\ and L2 of a Lie algebra L are said to be isomorphic if g(Li) = L2 for some 
automorphism g £ Aut L. 

For the classical complex Lie algebras, we have the following description of their real forms (see 

my- 

Every real form of the complex Lie algebra L can be expressed as Lj — {X £ L \ J{X) — X}, 
where J is an involutive antiautomorphism on L. Let us recall the meaning of the term 'involutive 
antiautomorphism' : 

• involutive: J 2 = Id; 

• antiautomorphism: J(aX + Y) = aJ{X) + J(Y) for each X, Y £ L, a £ C. 

This definition of the real forms, together with full classification of the system of involutive 
antiautomorphisms, provide a practical tool for working with real forms of the complex Lie algebras 
we are interested in, namely sZ(4, C), sp(4,C), and o(4, C). 

4.1. Fine Group Gradings of the Real Forms of sl(4, C). Let us write down the classification 
of all the real forms of sZ(4, C). This complex Lie algebra has five non-isomorphic real forms, and 
we list them in Table [T^l together with the respective involutive antiautomorphisms that define 
them via L j = {X £ L | J(X) = X}. 

We introduce a special notation for one involutive antiautomorphism on sl(A, C) by j7o(^f ) = X. 
This mapping j7o plays an important role, because any involutive antiautomorphism on sl(A,<C) 
can be made up as a composition of Jo and some automorphism h £ Aut si(4, C). 



a) 


J = JoAd F 

FF = I (circular) 


sZ(4,R) =Lj = L Jo Ad P = 

={X £ sl{A, C) | J Ad F (X) =X} = 
={X £ sl(A,C) \XF = FX} 


b) 


J = JoAd F 

FF = —I (anticircular) 


su*(4) =Lj = Lj oA d F = 

={X £ sl{4, C) 1 J Ad F {X) =X} = 
={X £ sl(4,C)\XF = FX} 


c) 


J = JoOut E 

E = E + (hermitian) 
sgn(-E) = (4 - r, 0, r) 


su(4 - r, r)=Lj = L Ja0 ut E = 

={X £ sl(4, C) | J Q Out E (X) = X} = 
={X £ sl(4, C) \XE= -EX+} 


r = 0, 1, 2 -> su(4, 0), su(3, 1), su(2, 2) 



Table 12. The five non-isomorphic real forms of sZ(4, C) and their defining invo- 
lutive antiautomorphisms. There is just one real form of type a), another one of 
type b), and three real forms of type c). The notation sgn(-B) stands for a triplet 
of non-negative integers, where the first one is the number of positive elements in 
the spectrum of E, second is the number of zeros in the spectrum, and third is 
the number of negative elements in the spectrum. 



Now we get to the point of searching for the fine group gradings of these real forms. One 
straightforward idea how this could be done is to use the same method as for the complex algebra 
- namely take the MAD-groups of the real form and split the real form into simultaneous eigen- 
subspaces of all the automorphisms in the MAD-group. Let us denote this process again as the 
'MAD-group' method. For this purpose, let us look at the overview of the MAD-groups on the 
real forms of sl(4, C). 

For a group TL of automorphisms on a complex Lie algebra L, we denote by 7i R = {h £ Ti \ <j(h) C 
M} the so-called real part of the group H - i.e. all automorphisms h from Ti with real spectrum 
a(h). 
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f) 



Let ^ C -4ui L be a MAD-group on the complex Lie algebra L, and let Q R be its real part. We 
say that the set g m is maximal if there exists no such MAD-group Q on L that G m is conjugate to 
some proper subgroup of G M - 

It is proved (in j8]) that each MAD-group T on a real form of a classical simple Lie algebra L 
is equal to the maximal real part G R of some MAD-group Q on L. (Obviously, J 7 is a subgroup 
of G R for some MAD-group Q on L, because all automorphisms g € T can be uniquely extended 
from Lj to L by <? C (A + iY) — g(X) + ig(Y) - such extensions are diagonalizable, their spectrum 
is real, and they mutually commute.) 

So, we start with the eight MAD-groups on sZ(4, C), and take their real parts. Not all of the 
real parts are maximal: 

• gf is not maximal, because it is equal to a proper subgroup of gf ■ Gf ^Gf\ 

• gf is not maximal, because it is conjugate to a proper subgroup of Qf: 

Gf = fGfr 1 Gf, with / = Ad s , S=(S?)®(||), 

Therefore, the real parts of Gf and Qf are not MAD-groups on any of the five real forms of 
sZ(4,C). 

The remaining complex MAD-groups Gi, G3, Gi, G5, Ge,, Gi do have maximal real parts Gf, Gf, 
Qf,Gf,Gf,Gf. See the explicit overview of all the real parts gf, j = 1, . . . , 8 in Table QH 





s~<R 
U Ad 


'-'Out 


gf 


{A = diag(di, d 2 , d 3 , 1), d 3 € E, d 3 ^ 0} 





Gf 


= G 3 


{A = diag(£i,£ 2 ,£3,£4), £1 = ±1} 


C = 




Gf 


{A = diag(si, £2, a, a -1 ), Si — ±1, ael,«/0} 


c = 


/ 1 \ 
/ 0100 1 
1 0001 1 
V 1 / 


Gf 


{A = diag(a,a- 1 ,/3,/3" 1 ), 

(a, (3 G K) V (a, /3 € «), a, /? ^ 0} 


c = 


/ 1 \ 
/ 1000 
1 0001 1 
Vo 1 0/ 


Gf 


{A = crj ® diag(a, a -1 ), A = cry ® diag(a, — a -1 ), 
aeK,a^0,j = 0,l,2,3} 


c = 


/ 1 \ 
/ 1000 1 
1 0001 1 
\o 1 0/ 


Gf 


= G 7 


{A = crj (g> dfc, j,k = 0, 1,2,3} 


c = 


h 


Gf 


^Gf 


{A G {er ® cr , (Ji ® a ,a ® 03, 01 ® cr 3 }} 





Gf 




{A € {cr ® O-Q, cr 3 ® CT , cr ® 01, 03 ® Ol}} 


c = 


h 



Table 13. List of all non-conjugate real parts Gf of MAD-groups Gj on sl(4, C). 
The first six items are the maximal ones (Gf, Gf, Gf, Gf, Gf, Gf), while the last 
two are not maximal (gf , and gf - already in the conjugate form, so as to see the 
link with gf easily). The notation of Gacl and Gout is the same as introduced in 
Table [TJ 



From [5], we have a result summarizing which of the real forms gf are in fact MAD-groups on 
the individual real forms of sZ(4,C) - see the overview in Table [T41 



real form 


MAD-groups of the real form 


sZ(4,R) 


r M. r M r M r M r M r M 

yi , y3 , y± , y$ , y@ , y-j 


su*(4) 


glgf 


su(4,0) 


glgf 


su(3, 1) 


glgf 


su(2,2) 


r>M. r K r M r M r K 



Table 14. MAD-groups on the five real forms of sl(4, C) 



Now that we dispose of the full list of MAD-groups on all the five real forms, we can apply 
the 'MAD-group' method - i.e. decompose the real forms into simultaneous eigensubspaces of all 
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elements of the respective MAD-groups, and by that obtain the fine group gradings. We do not 
have here the one-to-one correspondence as guaranteed for the complex Lie algebras by Theorem 
[T] however, we can at least make use of a weaker statement (proved in [8]): 

Theorem 4. 'MAD-group' method: Let Lj be a real form of a classical complex Lie algebra L, 
L 7^ o(8, C). Let J 7 be a MAD-group on Lj. Then the grading of Lj generated by T is a fine 
group grading. 

This theorem ensures that each MAD-group on the real form generates a fine group grading, 
however, it does not ensure the opposite implication - namely that this method provides all the 
fine group gradings of the real forms. And indeed, we manage to prove that there exist more fine 
group gradings of the real forms of sl(4, C) than those generated by MAD-groups, simply by finding 
counterexamples of additional fine group gradings that are not generated by any MAD-group of 
the real form. 

We do this by using the following method - let us call it the 'Fundamental' method. We work 
with the basis vectors of the grading subspaces of the complex gradings and transform them, so as 
to obtain a fine group grading of the real form; more concretely: 

Theorem 5. 'Fundamental' method: Let T . L — (BkeicLk be a fine group grading of the complex 
Lie algebra L. Let J be an involutive antiautomorphism on L, let Lj be the real form of L defined 
by J , and let Z k j_ be elements of L k fulfilling the following properties: 

• (Zk y \, . . . , Zk.i k ) is a basis of the grading subspace L k for each k € K, - i.e. 
L k = span c (Zfe,i, . . . , Z k> i k ); 

• J{Zk.i) = Z k j - i.e. Z ki i e Lj for all Z kil G L k . 

Then the decomposition T J : Lj = (B^/cL^, where = span R (Zfc ! i, . . . , Z k j k ), is a fine group 
grading of the real form L j . 

We then say that the grading T of the complex Lie algebra L determines the fine group grading 
of the real form L j . 

Note that the same statement is valid also when considering fine gradings instead of fine group 
gradings. 

The assumptions imposed on the grading subspaces L k are formulated as two conditions for the 
basis vectors of these grading subspaces. This algorithmic approach can be modified into just one 
requirement in the form Lj = (& k£ fcL k n Lj. In the notation of Theorem the subspace 
equals to L k C\ Lj. This expression clearly shows that the fine group grading of Lj obtained in 
this way from the fine group grading of L is unique. 

Practically, the usage of this method consists in the following process: 

• For a given fine group grading T of s^(4, C), we search for an involutive antiautomorphism 
h in the form h = J^OutE or h = J^Adp, with matrices E, F fulfilling the requirements 
listed in Table [T2l such that there exists a basis (Z k i, . . . , Z k ^ k ) of L k with 3(Z k {) = Z k \ 
- as required in Theorem [5] If successful, this process results in finding the fine group 
gradings of as many of the real forms of s/(4, C) as possible. 

• We repeat this process for all the fine group gradings Tj of sl(4, C). 

We need to keep in mind that various fine group gradings Tj of sZ(4,C) determine fine group 
gradings of one real form in different representations, depending on the defining matrix E or F 
found during the process. 

As an illustration of the calculations carried out by the 'Fundamental' method, we give an 
example of how we found out which fine group gradings of real forms of sl{A, C) are determined 
by the fine grading T2 of sl(A, C). Even though the real part Gf of the MAD-group Q2, which 
generates T2, does not provide MAD-group on any of the real forms of sl(4, C), we show that this 
grading T2 does determine a fine group grading on su(3, 1) and on su{2, 2), and does not determine 
fine group gradings on the remaining real forms of sZ(4, C). 

Firstly, let us inspect the cases su(4 — r, r). Since the grading subspaces L k of the grading T2 are 
one-dimensional, and thus L k = C- X k , we need to find the convenient basis of L k for the Theorem 
[5] in the form Z k = a k X k , with a k £ C \ {0}. We look for a hcrmitian matrix E (E = E + ) with 
4 — r positive and r negative eigenvalues such that, for all X k from the basis listed in Table [3l 
there exists a k € C \ {0} fulfilling the equation 

J(a k X k ) = J Out E (a k Xk) - a k X k & a k X k E = -a^EX+ . (4) 
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/0 1 0\ 

Let us start with X4 = P = ( J 1 ) • Denoting 77 = — , we obtain from Q that the matrix 

V 1 / " 4 

(en eu e 13 e 14 \ 
— ?7ei2 — T/ei3 —r/ei4 —7]e±i \ . 
>) 2 ei3 jj 2 ei4 jj 2 en tj 2 ei 2 L an d V = 1- We continue with X3 = Q = 
-») 3 ei 4 -rj 3 en -rj 3 ei 2 -rj 3 ei 3 / 

diag(l, i, — 1, — i) and we find out that the following four equations must hold so that the condition 
Q could be fulfilled: 

(a 3 +5^)eii = 

(a 3 - ja3~)ei2 = (5) 
(a 3 - 03")ei 3 = 
(a 3 + ia3")ei4 = 

This set of equations implies that at most one of the four elements en, ei 2 , ei3, en is non-zero. 
On the other hand, at least one of them must be non-zero, otherwise the matrix E would be a 
zero matrix, and thus it would not have 4 — r positive and r negative eigenvalues. So we have four 
possibilities and we will go through them gradually: 

• Let en 7^ 0. It follows from |J3J) that ei 2 = £13 = ei4 = 0. Then the matrix E equals 

Ci \ 
n 2 ■ Spectrum of £^ is cr(£;) = {en,eii,-eii,?7 2 eii}, en e M\ {0}, 
-?7 3 00/ 

since E must be hermitian. So there is at least one positive and one negative eigenvalue 
in a(E). Thus JqOuIe with this type of E does not define the real form su(4,0). But for 
su(3, 1) and su(2, 2) we are successful: 

., n /1000 



— With en = 1, 0.4, = i, r\ = 1 the spectrum of E^ = I q g j ) ^ s e Q ua l to 

Vo 1 0/ 

a(Ep ') = {1, 1, 1, -1}. Therefore, the fine group grading T 2 of si (4, C) determines 
a fine group grading of su(3, 1) = ij- o0 ut (3 1} ■ 

/ 1 \ 

— Putting en = 1, 04 = 1 — i, r; 2 = —I, the spectrum of E A = I q q ^ "q 1 ) is equal to 

V i / 

u(-E 4 ' ; ) = {1, 1, —I, —I}. Therefore, the fine group grading T 2 of sZ(4, C) determines 
a fine group grading of su(2, 2) = Lj a0u t (2>2) ■ 

• Let ei2 7^ 0. Then en = e 13 = e 14 = 0, 

(010 \ 
-v \ 
v 2 h (6) 
-i) 3 / 

and cr(E) = {iiy/rje^jHy/rje^}. Every hermitian matrix of this type has two positive 
and two negative eigenvalues, but su(2, 2) is already covered by the previous type. The 
important fact is that we cannot obtain any hermitian matrix E of the type ([6]) with 
positive spectrum. 

(0 1 \ 
?, 2 h and (r{E) = 
-r) 3 / 

{±7yei3, — ?7ei3, — ?7 3 ei3}. Again this kind of matrix E does not admit positive spectrum. 

Co i\ 
-77 \ 
v 2 ; a \ E ) = 
-17 3 0/ 

{iirjy/rjen, ztirj^/rjei^}, which, again, does not admit positive spectrum for any matrix E. 

One can see that none of the four possibilities allows a hermitian matrix E with positive spec- 
trum. Therefore T 2 does not determine fine group grading on any representation of the real form 
su(4,0). 

Now we move to the two real forms sZ(4, K) and sw*(4). The real form sZ(4, K) (resp. su*(4)) 
has a fine group grading determined by T 2 if there exists a circular (resp. anticircular) matrix F 
such that, for each Xk from the basis listed in Table [3l there exists ttt£C \ {0} fulfilling 

J(a k X k ) = J Ad F (a k X k ) = a k X k a k X k F = o^FXl. (7) 
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For X4 = P the condition ([7]) implies that F has the form 

(fll fl2 fl3 /l4 \ 
f/l4 vfu I//12 w/l3 \ Ml 
^ 2 /l3 ^/l4 »Vll ^fl2 I ' ^) 
" 3 /l2 ^ 3 /l3 " 3 /l4 ^ 3 /ll / 

where v = . Again we proceed with inserting X3 = Q into the equation ([7]) . Denoting /i = 2a , 
we arrive at the following set of equations: 

(l-M)/n = (1 + m)/h = 

(1-<M)/12 - (l + *M)/i2 - 

(l-M)/i3 = (l + AO/13 - w 

(l-i/*)/i4 = (l + «M)/i4 = 0. 

Clearly © can only be fulfilled when /n = /12 = /13 = /14 = 0. But it means that F would 
be a zero matrix. And a zero matrix is not circular: FF = 00 = 8 ^ J. Thus from ]?2 one 
does not obtain any fine group grading of s^(4,R). The situation with sit* (4) is analogous - by 
the same process we come to the conclusion that F — 0, and a zero matrix cannot be anticircular 
(FF — 00 — 7^ — I). Neither su*(4) has any fine group grading determined by ]?2. 

Apart from Theorem we can use one more powerful tool, which simplifies the process of the 
'Fundamental' method for those fine gradings T of sZ(4,C) whose grading subspaces have basis 
matrices with real elements only, and that is the case for Tj, j = 1, 3, 4, 5, 6, 7, 8. 

Theorem 6. 'Real Basis ' method: Let Q be a MAD-group on the complex Lie algebra sl(n,C) and 
let r : sl(n,C) = (BkGicLk be the fine group grading of sl(n,C) generated by Q such that all the 
subspaces Lk = span c (Xfe ! i, . . . ,Xk,i h ) have real basis vectors Xkj,. Let h be an automorphism in 
Aut sl(n,C), such that J = J^h is an involutive antiautomorphism on sl(n,C). Then the fine 
group grading T of sl(n, C) determines a fine group grading of the real form Lj = Lj h if and only 
if the automorphism h is an element of the MAD-group Q . 

Proof. Firstly, let us consider an automorphism h € Q . The automorphism h is either of the type 
h = AdF with F circular or anticircular (FF — ±1), or h = OuIe with E hermitian (E = E + ). 
Since Q is the MAD-group generating the group grading T, any X k j £ Lk is an eigenvector of h. 
We show that, for both the types of h and for any of the basis vectors X k j, the eigenvalue Afc of 
the eigenvector X k j has its absolute value equal to 1: 

• inner automorphism h = Adp: 

XX = h(X) = F^XF = FXF^ 1 = FXF- 1 = F(j ; F- 1 XF)F- 1 = IX 

• outer automorphism h = Outs'- 



XX = h(X) = —( E~ X XE) T = -E T X T E- T = -E+X T (E+)- 1 = 
= -EX T E- 1 = -E(-\E~ 1 XE)E- 1 = IX 

The basis vectors X k i are non-zero, therefore XkX^i = =X k 1 implies that IA/jI = 1. Thus we 
can express Afc as Xk — cos tpk + i sin tp^. We define a new basis vector Z k ,i — akXk.i, where 
ctk — cos(— ^r) + isin(— (Such choice of a k ensures the property X k = Sfc..) This basis 

vector Z k ,i is an element of L Joh : J h(Z k j) = Joh(a k X k ,i) = Jo(a.kh(X k: i)) = Jo(a k X k X k ,i) = 
Jo(uk^X k j) = Jo(ctk~X kil ) = a k Jo(Xkj) = OL k Xk.i = a k X ky i = Z k .i- By Theorem [5] ('Fundamen- 
tal' method) it follows that the sum L j h = Q^eKLf with subspaces Lj? = span R (Zfc ! i, . . . , Zk } i k ) 
is a fine group grading of Lj h- 

Secondly, we assume that T determines a fine group grading of the real form Lj = Lj h with 
an automorphism h S Aut sl(n, C). We start by showing that h commutes with any element 
of the MAD-group Q. Notice that Jo(L k ) = L k by hypothesis; and let g 6 Q. It follows from 
the definition of the grading T that for any k 6 K. there exists a k E C such that g |_L fc = a k Id. 
In order to prove that gh = gh, it is sufficient to show that hg \h k = gh \h k for any k G K,. 
Clearly Lj — ®(Lk n Lj), and therefore C • (L k n Lj) = L k . Thus, for any x e L k there are 
y, z G Lk C) Lj such that x — y + iz. In particular, J(y) — y and h(y) — y, and analogously 
for z. It follows that h(x) = h(y) + ih(z) = y + iz. Knowing that z G 3<d(Lk) = Lk, we 
apply g and obtain gh(x) — ctk(y — iz). Finally, the action of g on x by g(x) — otkx ensures that 
hg(x) = h(akx) = akh(x) — ak(y — iz), which means that g and h commute. Then, when checking 
in [7j the form of the MAD-groups on sl(n, C), one derives that any automorphism which commutes 
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with the whole MAD-group must necessarily be diagonalizable. And that already implies, due to 
the maximality of Q, that h £ Q . □ 

Let us now summarize the results of our calculations on the real forms of sZ(4, C); partially 
obtained with the use of Theorem [5]- 'Fundamental' method (for T2), partially with the additional 
help of Theorem [6]- 'Real Basis' method (for Tg). In Table [TBI we list the various representations 
of the real forms that will be used in the result summary. 



Defining 


matrix 


Representation of sZ(4, E) = L j Q Ad w{i M) 


F (4,M) = 


h 


H 


( a b c d \ 
e / 9 ft \ 
j Z m 1 

\nop _( a +/+Z) / 


Defining 


matrix F ^ 


Representation of su*(4) = Lj Ad F * (4) 




/ 1 o \ 
/ 1 1 
-10 00 

V o -loo/ 


X = | 


^ a+zZ b+im c-\-ij d-\-ik \ 
e+zp — a+z/ g-\-in /z+zo \ 
— c+ij — d-\-ik a — il b—irn J 
\ —g-\-in —h-\-io l — ip —a — if / 




/ 1 0\ 

-10 
i t 1 
\ -i / 


A = | 


/ a-\-if b-\-ie c-\-ih d-\-ig \ 
— 6+z'e a— if id-\-g —ic—h \ 
j-\-io k-\-in —a-\-il m+ip 1 

\ —ik—n ij'+o — rn+zp —a — il / 


Defining 


. * TTiiA 01 

matrix E^'"> 


Representation of su(4, 0) = Lj o u t p{i 0) 


= 


h 


H 


f ia b-\-ie c-\-ij d-\-in \ 

— 6+z'e £/ g+ife Zz+zo \ 

— c-\-ij —g-\-ik il m-\-ip 1 
\ — d+zn — Zi+z'o —m-\-ip —i(a-\-f-\-l) / 


Defining 


matrix i^ 3 - 1 ) 


Representation of su(3, 1) = Lj out (3 1} 


Ep 1 ' = 


/ 1 o \ 

10 ) 

001 1 
\0 -1/ 


H 


f ia b-\-ie c-\-ij d-\-in \ 

— 6+ze ijf <?+z'Zc Zz+zo \ 

— c+z'j —g-\-ik il m+z'p 1 
\ d — in h—io m—ip —i(a-\- f -\-l) J 


4 3a) = 


/ 1 \ 
| 10 0) 
1 1 1 

\0 1 0/ 


*- 


f ia 6+ze c-\-in d-\-ij \ 

— 6+ze £/ <?+*o h-\-ik l 

— d-\-ij — Zz+zfc I— ^(a+/) im J 
y — c+in —g+io ip —l—^(a-\-f) J 


4** = 


/ 1 \ 
[ 1) 
1 10 1 
\0 1 0/ 


*- 


f ia b-\-in c-\-ij d-\-ie \ 

— d+z'e /— ^(a+Z) g-\-im ih \ 

— c.-\-ij k-\-ip il —g-\-im 1 
i — 6+i7i zo — fc+ip — jf— 4(a+i) / 


Defining 


matrix E^ 2 - 2 ^ 


Representation of su(2, 2) = Lj out p(2 2) 


£(2.2) 


/ 1 o \ 
(010 o \ 
00-1 1 

V o o o -l / 


H 


ia 6+ze c+zj d+zri \ 
— 6+ze i/ g+tfe /i+zo \ 
c— ij g — ik il m+tp 1 
\ d—in h — io —ni-\-ip — i(a+/+Z) / 


].-■'-'. = 


/ 1 \ 
( 0-100 ) 

1 
\ 10/ 


*- 


/ ia 6+ie c+m d-\-ij \ 
b—ie if g-\-io h-\-ik l 
— d-\-ij —h-\~ik I— ^(a+/) im j 
i — c+m g—io ip — I— ^(a+/) / 


Ef- 2) = 


/0 1 0\ 
1 1 ) 
1 1 1 

Vo o i o/ 




/ a+i/ ?6 c+zo d+i/c \ 
ze — a+z/ o+zn /i+zj | 
— h-\-ij —d+ik I — if im j 
\ —g-\-in — c+io zp —I — if / 


£.(2,2) 


/ 1 \ 
1 -i 

00-10 ] 
V0 i / 


A = 


f ia 6+zn c+zj d+ze \ 
z"(i+e /— ^(a+i) p+z'm /z | 
c— zj /c+z'p z7 —ig—m 1 

^ —ib — n o ifc+p — /— ^(a+Z) / 


_ 

^5 — 


/ 1 \ 
(0-100) 
loo Oil 

\ -i / 


A = 


/ za 6+ze c+zn d+ij \ 
6— ze z'/ 9+*'o h-\-ik l 
— id—j ih-\-k I— 7j (a+/) m j 
y zc+zz -ig-o p -I— f(a+/) / 



Table 15. This is the summary of all the various representations of the five real 
forms of sZ(4, C) that we need in order to describe the fine group gradings of these 
five real forms. For each of the representations, a generic element A is expressed, 
assuming the parameters a, ... ,p to be real. 



The full overview of the fine group gradings of the five real forms of sl(A, C) determined by the 
individual fine gradings Tj of sZ(4, C) is contained in Tables [TBI . . . ,[23] We proceed gradually with 
Ti, T2, ■ ■ .> Tg, and we describe the basis vectors of the grading subspaces in suitable representation 
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of the graded real form. We use the same sets of matrices X%, . . ., Xi 5 as already listed in Section 



Ti grading 
subspaces 


Li 


L 2 


L 3 


u 


L 5 


u 


L r 


Lg 


L 9 


Lio 


in 








real form sZ(4,R) 
defined by i^ 4 ' R ) 


RXi 


RX 2 


RX 3 


RXi 


rx 5 


RX 6 


RX 7 


RX$ 


RX 9 


M.X10 


RX n 


M.X\2 







Table 16. The fine group grading Ti of sZ(4, C) determines a fine group grading 
for just one real form of si (A, C), namely for Lj = sl(A, R). The basis vectors 
Xk are those listed in Table [H 



T 2 grading 
subspaces 


Lx 


L 2 


L 3 


u 


L 5 


L 6 


L 7 


L 8 


L 9 


Lio 


in 


L\2 


Ln 


L14 


L15 


real form sm(3, 1) 
defined by Ef' 1] 


1RX1 


iRX 2 


iRX 3 


iRX 4 


(1 - i)RX 5 


RX 6 


(1 + i)RX 7 


iRX H 


RX 9 


iRX 10 


RXn 


iRX 12 


(1 + i)RX 13 


JR. 


(1 - i)RX 15 


real form su(2, 2) 
defined by E^' 2 ^ 


iRXi 


iRX 2 


iRX 3 


(1 - i)RX 4 


RX 5 


(1 + i)RX 6 


iRX 7 


RX S 


iRX 9 


RX10 


iRXn 


(1 + i)RX 12 




(1 - i)RXu 


iRX 15 



Table 17. The fine group grading T 2 of si {A, C) determines a fine group grading 
T2 for two real forms of sl(A, C), namely for Lj = su(3, 1) and Lj = su(2, 2). 
This result cannot be obtained via Theorem [6l as the bases A^ of the grading 
subspaces in T 2 are not real matrices - see Table [3] 



T 3 grading 
subspaces 


Lx 


L 2 


L 3 


u 


L 5 


L e 


L 7 


Ls 


L 9 


L\o 


Ln 


L\2 


L\ 3 




real form s/(4,R) 
defined by F^ 4 ' R ' 


RXi 


RX 2 


RX 3 


RXi 


RX 5 


RX 6 


RX 7 


RX S 


RXg 


RXiq 


RXn 


RX\2 


IELX13 -|- IELX14 -\- 




real form su(A, 0) 
defined by e[ 4 ' ^ 


iRXi 


RX 2 


iRX 3 


RXi 


iRX 5 




iRX 7 


RX$ 


iRX 9 


RX10 


iRX n 


RX\ 2 


iRXi 3 + iRXn + iR^i 5 




real form su(3, 1) 
defined by E^' 1 ^ 


RXi 


iRX 2 


RX 3 


iRX A 


RX 5 


iRX 6 


iRX 7 


RX S 


iRX 9 


RX W 


iRXn 


RX\ 2 


iRX 13 + iRX 14 + iRX 15 




real form su(2, 2) 
defined by i*^ 2 ' 2 ^ 


RXi 


iRX 2 


RX 3 


iRXi 


iRX 5 


RX 6 


RX 7 


iRX 8 


RX 9 


iRX w 


iRXn 


RX\ 2 


iRX 13 + iRX 14 + iRX 15 





Table 18. Four of the real forms of si(4,C) - i.e. Lj — sl(A,R), Lj — su(A, 0), 
Lj = s«(3, 1), and Lj = su(2, 2) - have a fine group grading determined by 
the fine group grading T 3 of sl(A, C); with basis vectors being multiples of X^ 
defined in Table 0] by complex coefficients as listed here. 



Comparing these results with the ones obtained by the 'MAD-group' method (exhausting the 
whole list of MAD-groups Qf, Gf, Gf, Gf, Gf, and G 7 acting on one or more of the real forms), 
we see that the 'real basis' method and the more general 'fundamental' method bring in six addi- 
tional fine group gradings of the real forms, namely those determined by the gradings T 2 and T 3 
of si (A, C). The fact that for the complex MAD-groups G2 and Gs there exist no MAD-groups on 
real forms can be deduced from the universal grading groups Z| and Z4 x Z 2 , corresponding to the 
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T4 grading 
subspaces 


Li 


L 2 


L 3 




L 5 


L 6 


L 7 


is 


Lg 


Lio 


in 


L\2 


L13 


Lu 




real form sZ(4,R) 
defined by F{ 4 ' M ' 


EXi 


II 2 


II 3 


RXi 


RX 5 


RX 6 


RX 7 




1X 9 






RX\ 2 


KX13 






real form su(3, 1) 
defined by £jf ' 1} 


RXi 


iRX 2 


RX 3 


iRX 4 


RX 5 


iRX 6 


RX 7 


iRX 8 


1X 9 


iRX 1Q 




iRX 12 


KA13 


iRX 14 + iRX 15 




real form sw(2, 2) 
defined by E^' 2 ^ 


MXi 


iRX 2 


RX 3 


iRX A 


iRX 5 


RX 6 


iRX 7 


RX S 


iRXg 


RX10 


iRX n 


iRX u 


KX13 


iRX 14 + iRX 15 





Table 19. The fine group grading T4 of sZ(4, C) determines a fine group grading 
for three of the real forms of sZ(4, C): Lj — sZ(4,R), Lj — su(3, 1), and 
Lj = su(2,2). Their bases can be obtained from matrices Xk defined in Table 
via multiplication by complex coefficients indicated here. 



T 5 grading 
subspaces 


Li 


i 2 


i 3 


L 4 


is 


i 6 


L 7 


is 


L 9 


ilO 


in 


L\ 2 


il3 


il4 




real form sZ(4,R) 
defined by F^ 4 '^ 


RXi 


1I 2 


RX 3 


RXi 


RX 5 


RX 6 


RX 7 


RX S 


RXg 


RX10 


RXn 


RX\ 2 


IKLX13 


RXu + RX 15 




real form su(2, 2) 
defined by E^' 2 ^ 


RXi 


iRX 2 


RX 3 


iRXi 


RX 5 


iRX 6 


RX 7 


iRX 8 


iRX 9 


iRX 1Q 


iRXn 


iRX 12 


iRX 13 


RX 14 + RX 15 





Table 20. The fine group grading of sZ(4, C) determines a fine group grading 
r^ - for the real forms Lj — sZ(4, R) and Lj = su(2, 2) of the complex algebra 
sZ(4,C). The matrices X^ listed in Tableware to be multiplied by complex 
coefficients from here, in order to obtain the basis matrices for the fine group 
grading of the respective real form. 



T 6 grading 
subspaces 


Lx 


L 2 


L 3 


Li 


is 


L 6 


L 7 


is 


Lg 


ilO 


in 


L\2 


il3 


L\i 


iis 




real form sZ(4, R) 
defined by i^ 4,R ) 


RXi 


RX 2 


RI 3 


RXi 


RX 5 


RX 6 


RX 7 


RX S 


RX 9 


RXio 


RX n 


RX\ 2 


RX 13 




RX15 




real form su*(4) 
defined by F 1 1 ' 4 ' 


RXi 


iRX 2 


1RX3 


iRXi 


RX 5 


iRX 6 


RX 7 


RX S 


iRXg 


RXio 


iRXn 


RX\ 2 


iRX 13 




iRX 15 




real form su(2, 2) 
defined by E ( 3 a) 


RXi 


RX 2 


iRX 3 


RXi 


RX 5 


iRX 6 


iRX 7 


iRX 8 


iRX g 


RXio 


iRXn 


RX\ 2 


iRX 13 


iRXu 


iRX 15 





TABLE 21. Three real forms Lj = sZ(4,R), Lj = su*{A), and Lj = su(2,2) of 
sZ(4, C) have a fine group grading Tq determined by the fine group grading T 6 of 
sZ(4, C). The basis matrices of these fine group gradings are complex multiples of 
the matrices Xk from Table [7] 



gradings T 2 and T$ respectively, since the fourth root of unity does not belong to R. 

Thereby we show that for the real forms of the simple complex Lie algebra sZ(4, C) there exist 
fine group gradings which are not generated by MAD-groups of the real forms. 

4.2. Fine Group Gradings of the Real Forms of sp(4, C) and o(4,C). Just like the complex 
Lie algebras L = sppc(n, C) and L = ox(n, C) are subalgebras of the complex Lie algebra sl(n, C), 
also the real forms of i are subalgebras of the real forms of sl(n,C). See Table [25] for the full 
overview of real forms of L = spk (4, C) and L = oat(4, C) and their 'source' real forms of sZ(4, C). 
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Tj grading 
subspaces 


L x 


L 2 


L 3 


La 


L 5 


L 6 


L 7 


Ls 


L 9 




Ln 


L\2 


L13 


Lu 


L 15 




real form sZ(4,R) 
denned by i^ 4 ' R ) 


RXx 


RX 2 


RX 3 


Kl 4 


RX 5 


RX 6 


RX 7 


RX S 


RX 9 


RXiq 


RXu 


RX\ 2 


RX13 








real form su*(4) 
denned by F 1 ^ 


tRXi 


RX 2 


iRX 3 


RX 4 


iRX 5 


RX 6 


iRX 7 


RX S 


RX 9 


iRX 1Q 


RX n 


iRX l2 


iRX 13 




iRX 15 




real form su(4, 0) 
denned by e[ 4,0 ^ 


iRXi 


iRX 2 


RX 3 


RX 4 


iRX 5 


RX 6 


iRX 7 


RX$ 


iRX 9 


M.X10 


RX U 


iRX 12 


iRX 13 


iRXu 


iRX 15 




real form su(2, 2) 
denned by e[ 2 ' 2 ^ 


RXi 


RX 2 


iRX 3 


iRX 4 


RX 5 


iRX 6 


RX 7 


iRX s 


iRX 9 


RXiq 


RX n 


iRX 12 


iRX 13 


iRX u 


iRX 15 





Table 22. The fine group grading T 7 of s^(4, C) determines a fine group grading 
Tj 7 for four of the real forms of sl(A, C), namely Lj = sZ(4, R), Lj = su*(4), 
Lj = su(4, 0), and L j = su(2, 2). Their bases are given by means of the matrices 
X k from Table El 



T 8 grading 
subspaces 


L x 


L 2 


L 3 


La 


L 5 


L 6 


L 7 


L s 


L 9 


Lxo 


L n 


Lx 2 


L 13 


Lxi 


real form s/(4,R) 
defined by F^' 9 ^ 


RXx 


RX 2 


RX 3 


RX A 


RX 5 


RX 6 


RX 7 


RX S 


RX 9 


RX10 


RXxx 


RX12 


RX 13 


RXxa + RX lb 


real form sit* (4) 
defined by F 2 ^ 


(1 - i)RXx 


(1 + i)RX 2 


(1 + t)RX 3 


(1 - i)RXi 


(1 + i)RX 5 


(f - i)RX 6 


(1 - i)RX 7 


(1 + t)RX 8 


RXg 


iRXxa 


iRXu 


RXx2 


RX 13 


iRXxi + iRX 15 


real form sit (3, 1) 
defined by Ef' 1] 


iRXx 


iRX 2 


RX 3 


RX 4 


iRX 5 


RX 6 


RX 7 


RX 8 


iRX 9 


iRX 10 


RXxx 


RX12 


iRX 13 


iRXxi + iRX 15 


real form su(2, 2) 
defined by E^ 2 '' 2 " 1 


(l + i)RXx 


(1 + i)RX 2 


(1 - i)RX 3 


(1 - i)RX 4 


(1 - i)RX 5 


(l + i)RX 6 


(1 - i)RX 7 


(1 + i)RX 8 


iRX 9 


iRX 10 


RXxx 


iRX 12 


RX 13 


]RLX"i4 -|- IRLX15 



Table 23. Also the fine group grading Tg of sl(A, C) determines a fine group 
grading for four of the real forms of si(4,C), this time for Lj = s^(4,R), 
Lj = sit* (4), Lj = su(3, 1), and Lj = su(2,2). Their bases derive from the 
matrices X% given in Table[5]via multiplication by complex coefficients listed here. 



Having this direct link between the real forms of si(4,C) and those of its subalgebras L C 
sZ(4,C), we easily obtain fine gradings of the real forms of L, because they are displayed by the 
fine gradings of the respective 'source' real forms of sl(A, C). 

The choice of the representation matrix K is given already by the way the complex subalgebra 
is displayed by the fine gradings of the complex sl(A, C) - see Kq = J for sp(4, C) in Table flOl and 
Kx,K 2 , K 3 for o(4, C) in Table ED 

4.2.1. Fine Group Gradings of the Real Forms of sp(4, C). When describing the fine group grad- 
ings of the real forms of sp(4, C), we stay in just one representation spif (4,C) = spj(4,C) - as 
corresponds to the complex case. As the complex subalgebra sp(4, C) of sZ(4, C) is displayed just 
by three fine group gradings of sZ(4,C) - namely T§, Tq, T 7 , it is only these three cases that come 
into play also for the real forms: 

• The real form sp(4, R) has fine group gradings determined by the original fine group grad- 
ingsr 5 , r 6 , r 7 ofsZ(4,C): 

r 5 ,r 6 ,r 7 -> s P (a,r) = sp J (4,c)ns/ Fl (4,R) 
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real form 
of »I(4,C) 


fine gradings obtained by 
'MAD-group' method 


fine gradings obtained by 'real 
basis' or 'fundamental' method only 


s ;(4,m) 


~pj p»y p»y p*y p»y pj/ 

1 1 ' 1 3 > 1 4 ' 5 ' 1 6 ' 7 


1 8 


sit* (4) 


pj/ pj 

1 6 ' 1 7 


1 8 


su(i, 0) 


1 3 ' 1 7 




su(3, 1) 


pj/ pj 
1 3 ' 1 4 


p*y pj/ 

1 2 ) 1 8 


su(2,2) 


rJ rJ pi7 rJ rJ 
1 3 ' 1 4 ! 1 5 ' 1 6 ' 1 7 


pj/ p*y 

1 2 ) 1 8 



Table 24. Summary of the fine group gradings of real forms of s/(4, C): Those 
determined by Ti, IV T4, T§, Tq, r 7 can be obtained as decompositions of the 
real forms into simultaneous eigensubspaces of automorphisms from MAD-groups 
of the real forms, which is not the case of the fine group gradings determined by 
T 2 and T 8 . 



real form of sl(A, C) 


real form of sp (4, C) 


real form of o(4, C) 


sf(4,R) 


sp(4,M) 




su*(4) 




so* (4) 


su(4,0) 


usp(4, 0) 


so(4,0) 


su(3, 1) 




so(3,l) 


su(2,2) 


usp(2,2) 


so(2,2) 



Table 25. The full list of the real forms of sp(4,C) and of o(4, C), and their 
relation to the real forms of sZ(4, C). 



• The real form usp(4, 0) has a fine group grading determined by IV 
T 7 -> usp(4 ! 0) = sp J (4,C)nsn Sl (4 ! 0) 

• The real form usp{2, 2) has fine group gradings determined by Ts, I^g, r 7 : 
r 5 ,r 6 usp(2,2) = spj(4,C)nsuE 3 (2,2) 

T 7 usp(2, 2) = spj(4,C) (13^(2,2) 



real form of sp(4, C) 


fine gradings displayed by fine gradings of real forms of sZ(4, C) 


sp(4, M) 


p*y p^y pj/ 

1 5 i 1 6 ' 1 7 


usp(4. 0) 


1 7 


usp(2, 2) 


t^j/ p*y p»y 

1 5 J 1 6 ) 1 7 



Table 26. Summary of fine group gradings of the real forms of sp(4, C) displayed 
by the fine group gradings of the real forms of sl(4, C). 



4.2.2. Fine Group Gradings of the Real Forms o/o(4, C). Here we must work with more represen- 
tations of the algebra o(4, C) already - like in the complex case. The different representations that 
come into play are those defined by symmetric matrices K\, K 2, and K3 listed in Table [TT1 The 
complex subalgebra o(4, C) is displayed by six fine group gradings of sZ(4, C) - namely T3, T4, T5, 
r 6 , T7, r 8 . Thus just these six group gradings display fine group gradings for real forms of o(4, C), 
in those cases that are relevant for the respective real form. 

• The real form so* (4) has fine group gradings determined by the original fine group gradings 

r 6 , r 7 , r 8 of s/(4,c): 

T 6 -» ao*(4)=oj f ,(4,C)n«»> 1 (4) 

T 7 - so*(4)=o Kl (A,C)nsu* Fi (A) 

r 8 - so* (4) = fl;f2 (4,c)n^ 2 (4) 

• The real form so(4, 0) has fine group gradings determined by and T 7 : 

r 3 ,r 7 so(4,o) = o^(4, c)n SUEl (4,0) 
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• The real form so(3, 1) has fine group gradings determined by T3, T4, r 8 : 

T 3 -> so(3,l)=o JCl (4,C)n«i Sl (3 s l) 

r 4 ,r 8 — > so(3, 1) = o^ 2 (4, c) n sub 2 (3, 1) 

• The real form so(2, 2) has fine group gradings determined by T 3 , r 4 , T 5 , r 6 , T 7 , and r 8 : 
T 3 ,r 7 -» S o(2 1 2) = o Kl (4,C)nsu El {2 1 2) 

T 4 -» so(2,2) =o^ 2 (4,C)n SUf ; 2 (2,2) 

r 5 ,r 6 -> ao(2,2) =OK 3 (4,C)ns^ 3 (2,2) 
T 8 -► so(2,2)=ox a (4,C)n«tB.(2,2) 



real form of o(4, C) 


fine gradings displayed by fine gradings of real forms of sZ(4,C) 


so* (4) 


pj/ pj/ p*y 

1 6 ' 7 ) x 8 


so(4,0) 


pj/ p*7 
1 3 1 1 7 


so(3, 1) 


p^ pj/ Pi7 
1 3 ' 1 4 ' 8 


80(2,2) 


pJ p.7 rJ pJ 
1 3 ' 1 4 > 1 5 ' 1 6 > 1 7 ' 8 



Table 27. Summary of fine group gradings of the real forms of o(4, C) displayed 
by the fine group gradings of the real forms of s/(4, C). 



5. Concluding remarks 

In the whole article, we deal only with fine group gradings of real Lie algebras, but we do not 
study non-group gradings. Whereas on complex Lie algebras there is a one-to-one correspondence 
between fine group gradings and MAD-groups, on real forms of sZ(4,C) we have found fine group 
gradings which are not generated by any MAD-group on the respective real form. The question 
whether our list of fine group gradings of these real forms is complete still remains open. This 
problem requires further investigation, similarly as the question of existence of non-group fine 
gradings. 

Even for the known gradings, a number of additional questions can be raised. Let us point out 
a few: 

• The gradings of Lie algebras should be extended to their representations, finite as well as 
infinite dimensional ones. 

• Lie algebras often need to be extended (semidirect product) by an Abelian algebra (transla- 
tions). Best known case is the Poincare Lie algebra of space-time transformations extending 
o(3, 1). Fine gradings of such algebras would be of interest to know. 

• Fine gradings which decompose the Lie algebra into one-dimensional spaces define a basis of 
the algebra reflecting its unique structure, certainly a particular simplicity of corresponding 
structure constants. 

• Gradings of an algebra L frequently display particular subalgebras of L. That is, such 
subalgebras are formed by one or several grading subspaces. All of the fine gradings of L 
together display many subalgebras. Which maximal subalgebras are displayed, and which 
are missing? 

• Casimir operators should have rather different form in different fine gradings. Casimir 
operators of displayed subalgebras should be clearly recognized there. 
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